Given a principal bundle over a closed manifold, G → P → M , let P Ad → M be the associated adjoint bundle. In [13] Gruher and Salvatore showed that the Thom spectrum (P Ad )
corresponding adjoint bundle is homotopy equivalent to the free loop space, P(M ) Ad ≃ LM . So (P(M ) Ad ) −T M ≃ LM −T M which in this case is an E 2 ring spectrum that reflects the Chas-Sullivan
Gerstenhaber structure on H * +n (LM ).
In this paper we introduce an action of the gauge group G(P ) on the string topology spectrum S(P ). This defines a representation G(P ) → GL 1 (S(P )). We study this representation in detail. In so doing we will show that the group of units GL 1 (S(P )) is equivalent to the group of homotopy automorphisms of the fiberwise suspension spectrum Σ ∞ M (P + ). This is a parameterized spectrum whose fibers are rank one, free modules over the suspension spectrum of the group, Σ ∞ (G + ). Indeed, given any ring spectrum E, we consider parameterized spectra of free, rank one E-modules, "E-line bundles", and we study the homotopy type its group of homotopy automorphisms, hAut(E). The above representation of the gauge group can then be viewed as a homomorphism of group-like monoids, ι : G(P ) → hAut(Σ ∞ M (P )).
We now state our results more carefully. First we establish some terminology. Let E be a ring spectrum. The notion of a parameterized spectrum of free, rank one E-modules
("E-line bundle") was described and studied in [2] , We define the spectrum End(E) to be the (ordinary) spectrum of endomorphisms of E, living over the identity of M . This spectrum will be defined more carefully below. We then define
hAut(E) = GL 1 (End(E)).
The following is the first result, which is an application of fiberwise Poincare-Atiyah duality. 
Corollary 2.
hAut(Σ ∞ M (P + )) ≃ GL 1 (S(P )).
In particular if P(M ) → M is a universal principal bundle (i.e P(M ) is contractible), then
We use this result in the proof of the first of our main theorems, which identifies the homotopy types of these groups.
Recall from [2] that if E is a ring spectrum then the the classifying space BGL 1 (E) classifies E-line bundles. Given a such an E-line bundle E → E → M , let M ap E (M, BGL 1 (E)) denote the path component of the mapping space consisting of maps classifying E.
Theorem 3. Let E → E → M be an E-line bundle over M . Then there is an equivalence of group-like A ∞ -spaces, hAut(E)
≃ − → ΩM ap E (M, BGL 1 (E)).
Let G → P → M be a principal bundle. This bundle is classified by the homotopy class of a map f P : M → BG. Let M ap P (M, BG) denote the path component of the mapping space consisting of maps of this homotopy class. Now notice that the group G has a natural action on the suspension spectrum, G + ∧ Σ ∞ (G + ) → Σ ∞ (G + ), which is analogous in the category of spectra to the representation of group on its group ring. This defines a map of group-like monoids,
) and of classifying spaces BG Bι − − → BGL 1 (Σ ∞ (G + )).
A special case of this is the group-like monoid ΩM . Its suspension spectrum Σ ∞ (ΩM + ) has the structure of an associative ring spectrum. There is a natural equivalence of M with the classifying space M ≃ B(ΩM ), thereby inducing the map ι :
. By abuse of notation we
to be the component of the mapping space in the image of Bι.
We then have the following corollary.
Corollary 4.
One can identify the homotopy type of the group of units of the string topology spectrum as the loop space of the mapping space,
In particular,
We will then use this description of the group of units of the string topology spectrum to perform explicit homology calculations.
Much of the rest of the paper considers the comparison between the gauge group of a principal bundle, G(P ), with the group of homotopy automorphisms of its suspension spectrum, hAut(Σ ∞ M (P + )). There is a natural suspension map that yields a homomorphism of group-like monoids,
In [4] Atiyah and Bott gave a beautiful exposition of the topology of the gauge group. In particular they gave a proof of a result originally observed by Gottlieb, saying that the classifying space of the gauge group is a mapping space,
We observe that Theorem 3 above is an analogue of this result. In particular we make the following observation:
Proposition 5. With respect to the equivalence given in Theorem 3 and the Atiyah-Bott equivalence (1) , the stabilization map Bσ :
is induced by the map ι described above:
The most fundamental construction in gauge theory is the action of the gauge group G(P ) on the space of connections A(P ). Since A(P ) is contractible, the homotopy orbit space, which we denote by A(P )//G(P ), is a model for the classifying space of the gauge group, BG(P ). Our next result is an analogue of this in the setting of E-line bundles.
For an E-line bundle E → E → M , we define a category of connections, Conn(E), where a connection is a functorially defined E-linear transport operator on E. This is actually an ∞-category, which is an ∞-groupoid, where the morphisms are equivalent to the gauge group G(P ). This is the relevant homotopy theoretic notion of the gauge group of an E-line bundle "acting" on the space of connections. We then prove the following.
Theorem 6. The geometric realization of the category of connections on E is homotopy equivalent to the classifying space of the group of homotopy automorphisms
In particular when E = Σ ∞ M (P + ), the fiberwise suspension spectrum of a principal bundle, we then have that geometric realization of the category of connections is the classifying space of the group of units of the string topology spectrum,
Now a quick consequence of the Atiyah-Bott result (1) is that for a universal principal bundle, ΩM → P(M ) → M , the gauge group has the homotopy type,
where HE(M ) is the group-like monoid of self homotopy equivalences of M . The basepoint of HE(M ) is the identity map. Therefore, If M is acted upon by a group K, then the induced map K → HE(M ) yields the following.
Proposition 7. Given a group action of K on M , there is an induced representation of the loop group on the string topology spectrum,
The induced ring homomorphism in rational homology,
is equivalent to the homomorphism introduced and studied by Félix and Thomas in [11] .
We end by taking a functorial view of the relationship between the gauge group of a principal bundle and its string topology. To make this more precise, consider the category of "based spaces over M ", Spaces M . This category has objects given by continuous maps f : X → M that are equipped with sections, s : M → X such that f • s = id M . Morphisms in this category are maps g : X → Y that cover the maps to M and preserve the sections. Now given a principal bundle G → P → M , consider the contravariant functors, G : Spaces M → Spectra and S : Spaces M → Spectra defined by
Our goal is to prove the following result about these functors. 
The fact that the string topology functor is the "linearization" of the gauge group functor, suggests the existence of a "Goodwillie tower" [12] interpolating between these two functors. This idea is being investigated by C. Malkiewich [18] .
This paper is organized as follows. In section one we collect various properties of parameterized spectra, including a Poincaré-Atiyah duality theorem, and we prove Proposition 1 and Corollary 2 as stated above. In section 2 we prove Theorem 3, Corollary 4, and Proposition 5. We then apply them to perform explicit calculations of the homology of the group of units of string topology spectra. In section 3 we describe the category of connections on an E-line bundle over a manifold, and prove Theorem 6. In section 4 we prove Proposition 7. As an example we then calculate the induced map in homology of the representation of the loop group ΩSU (2) on the string topology spectrum of S 4 ,
Finally in section 5 we describe the functorial approach to the relationship between the gauge group and the string topology spectrum, and prove Theorem 8.
The authors are grateful to Nitu Kitchloo, John Klein, and Jack Morava for helpful conversations about this work.
1 Parameterized spectra, Poincaré duality, and the loop space
In this section we recall some basic constructions and duality results from the theory of parameterized spectra. The most comprehensive reference for parameterized spectra is the book by May and Sigurdsen [19] .
Let X be a topological space of the homotopy type of a CW complex. The theory of parameterized spectra involves constructions that take place in the category Spaces X of based (retractive) spaces over X. In this category there are standard constructions such as fiber product, Y × X Z, fiberwise (reduced) suspension Σ X Y , and fiberwise smash product, Y ∧ X Z. In particular, the fiberwise smash product is defined to be the pushout of the diagram
Definition 1. A parameterized spectrum E over X consists of objects E j ∈ R X for j ∈ N together with (structure) maps
j which are compatible with the structure maps.
E is said to be fibrant if the adjoints to the structure maps, E j → Ω X E j+1 are weak homotopy equivalences. By usual techniques, any parameterized spectrum E can be converted into a fibrant one E f in which
where Ω n X denotes the n-fold fiberwise based loop space. E f is called the fibrant replacement of E.
A morphism E → E ′ is a weak equivalence if the associated morphism of fibrant replacements
f is a level-wise weak equivalence: for each j,
f j is required to be weak equivalence in R X .
Probably the most important example of a parameterized spectrum for our purposes, is that of the fiberwise suspension spectrum. For Y an object in Spaces X , we denote by Σ ∞ X Y the parameterized spectrum over X given by the collection Σ If f : Z → X is any map, then one constructs an object Z + in Spaces X by adding a "disjoint fiberwise basepoint". That is, Z + = Z ⊔ X and has structure maps f ⊔ id : Z ⊔ X → X, and s : X → Z ⊔ X is the inclusion of the righthand summand.
The primary way parameterized spectra arise in our study is in the context of fibrations over manifolds. So suppose
is a fibration over a connected, closed manifold M . Then the fiberwise suspension spectrum
is a parameterized spectrum, whose fiber spectrum is the (ordinary) suspension spectrum Σ ∞ (F + ).
The following is a construction that is important in the statement of Poincaré duality in the context of parameterized spectra. Given a parameterized spectrum E → X, and a k-dimensional vector bundle ξ → X, we define a new parameterized spectrum E ξ → X in the following way.
Let S k → S(ξ) → X be the associated sphere bundle, defined by taking the fiberwise one-point compactification.
Definition 2. Define the parameterized spectrum E ξ to be
Notice this is a parameterized spectrum whose fiber is given by the smash product
We remark that by standard techniques, one can define this construction for virtual bundles ξ as well. See [19] for details, but note that the notation in this reference is different than that used here. Now as is well known, a parameterized spectrum E → X, determines (reduced) homology and cohomology theories defined on the category Spaces X .
Definition 3.
Given an object Y of Spaces X , the homology spectrum is defined to be the (ordinary) spectrum
The homology groups are defined to be the homotopy groups of E(Y ).
This notation needs some explanation. In this definition, E ∧ X Y is the fiberwise smash product of Y with the fibrant replacement E f . Furthermore E ∧ X Y /Y means the mapping cone of the resulting "fiberwise basepoint", σ :
The following is an easy exercise.
Lemma 9. Suppose E is the parameterized spectrum over X given by the fiberwise suspension spectrum of a fibration, 
There is a similar definition of the associated twisted cohomology.
Definition 4. Given a fibrant parameterized spectrum E and an object Y of Spaces X , the cohomology spectrum
. This is the spectrum whose j-th space is the mapping space M ap SpacesX (Y, E j ). The structure maps for E yield structure maps on these mapping spaces. The cohomology groups are defined to be the homotopy
Here is the general Poincaré duality theorem that we will need. We are stating it on the spectrum level (rather than on the level of homotopy groups), and in some ways it can be viewed as a twisted version of Atiyah duality [3] . This result was stated in [10] , but has its origins in [16, 
4]).
A complete proof is given in [19] .
Theorem 10. Let M be a closed n-dimensional manifold, and E → M a fibrant parameterized spectrum over M . There there is an equivalence between the following twisted cohomology and homology spectra,
Note. In this theorem M need not be orientable. Orientability is required when applying the Thom isomorphism in (co)homology.
Corollary 11. Let M be a closed manifold, and F → E → M a fiber bundle. Then there is an equivalence of spectra,
Proof. This follows from the Poincaré duality theorem above and Lemma 9.
The following example of this lemma is important in string topology.
Corollary 12. Let M be a closed manifold, and let e : LM → M be the map that evaluates a loop at the basepoint of the circle. Then there is an equivalence,
We now describe how this result generalizes to the setting of principal bundles over a manifold.
Let P be a principal G-bundle over M . Indeed, p : P → M need not be strictly speaking a principal bundle, but only needs to be a Serre fibration that is fiber homotopy equivalent to a principal bundle.
An example of such a fibration is the following. Let x 0 ∈ M be a fixed basepoint. Let
Then evaluating a path at t = 1 defines the "path-loop" fibration
By a construction of Kan, the based loop space ΩM is homotopy equivalent to the geometric realization of a simplicial group, which we call G M . Notice that the classifying space BG M is homotopy equivalent to M , and indeed the universal principal bundle
is fiber-homotopy equivalent to the path-loop fibration ΩM → P(M )
where G Ad is the topological group G given the action of G by conjugation. In the case of a universal principal bundle, G → EG → BG, we have the following well known result. 
This theorem helps to elucidate the results of [13] in the following way. Recall that the adjoint bundle of a principal bundle P Ad → M is a fiberwise group. The multiplication gives the fiberwise suspension spectrum Σ ∞ M (P + ) the structure of a fiberwise ring spectrum. Then the cohomology spectrum Γ M (Σ ∞ M (P Ad )) is an ordinary ring spectrum. Just as ordinary Poincaré duality sends the cup product in cohomology to the intersection product in homology (up to sign), the Poincaré -Atiyah duality Theorem 10 sends the ring structure in the twisted cohomology spectrum to an intersection product defined via a Pontrjagin-Thom construction, in the twisted homology spectrum. Applied to this case we get the following.
Proposition 15. The Poincaré-Atiyah equivalence given in Theorem 14
preserves the ring multiplications up to homotopy.
Motivated by this we redefine the string topology spectrum S(P ) to be Γ M (Σ ∞ M (P Ad + )) with its ring structure. In the particular case of G M → EG M → M , we write S(EG M ) as S(M ), which we call the string topology spectrum of M . In this case we have
We now point out that the string topology spectrum can be interpreted as an "endomorphism spectrum" in the following way. Let E be a ring spectrum and E → E → M an E-line bundle over M . Consider the parameterized spectrum End M (E) → M whose fiber at x ∈ M is the spectrum of E-module endomorphisms of the fiber at x, End
) be the spectrum of sections. The following is now a straightforward exercise. It implies Proposition 1 as stated in the introduction.
There is an equivalence of fiberwise ring spectra,
By applying sections, we have an equivalence of ring spectra,
End(Σ ∞ M (P + )) ≃ Γ M (Σ ∞ M (P Ad + )) = S(M ).
In particular
Given any ring spectrum E and E-line bundle E → E → M , we observe that the group-like monoid of homotopy automorphisms of E are the units of the endomorphism ring,
Notice that Corollary 2 as stated in the introduction now follows immediately from Proposition 16.
Gauge groups and the units of string topology
In this section we will prove Theorem 3, Corollary 4, and Proposition 5 as stated in the introduction, and then apply them to do a specific calculation. 
where HE(M ) is the group-like monoid of self-homotopy equivalences of M .
Proof. Given any group G, the adjoint bundle of the universal bundle, G → EG Ad = EG× G G → BG is well known to be fiber homotopy equivalent to the evaluation fibration of the loop space, ΩBG → 
We now prove Theorem 3.
Proof. Let E be a ring spectrum. Given an E-line bundle, E → E → M , recall that hAut(E) = GL 1 (End(E)). Furthermore, in the discussion prior to the statement of Proposition 16, the endomorphism spectrum End(E) is defined to be the section spectrum Γ M (End M E), where End M (E) → M is the parameterized spectrum whose fiber at x ∈ M is the spectrum of E-module endomorphisms of the fiber E x . Now consider the corresponding fiber bundle of infinite loop spaces given by taking the zero spaces of the fibrant model of End M (E):
By restricting to path components of these E-module endomorphisms that are equivalences, we get a subbundle, which we will call GL 1 (E):
Furthermore, hAut(E) = Γ M (GL 1 (E)). Notice, however, that this bundle has another description. The homotopy class of map f E : M → BGL 1 (E) that classifies the E-line bundle E, also classifies a principal GL 1 (E)-bundle over M :
(Here we are replacing the group-like topological monoid GL 1 (E) by a topological group.) The relationship between P E and the parameterized spectrum E is that
(See [1] and [19] for details.) Now consider the corresponding adjoint bundle, GL 1 (E) → P Ad E → M . As pointed out before, this bundle can be viewed as being the bundle of GL 1 (E)-equivariant automorphisms of P E covering the identity map on M . From this viewpoint it becomes clear that there is a map of fibrations P Ad E → GL 1 (E) over M which is an equivalence on the fibers. Therefore their spaces of sections are equivalent:
Theorem 3 now follows from the Atiyah Bott equivalence (2) applied to the principal bundle
We note that Corollary 4 as stated in the introduction now follows immediately. We now prove Proposition 5.
Proof. Suppose G → P → M is a principal bundle. Consider the homomorphism ι : G → GL 1 (Σ ∞ (G + )) described earlier. This extends to a map of principal bundles,
where
We therefore get an induced map of adjoint bundles
By taking sections we get the map of gauge groups, σ :
). Since the Atiyah-Bott proof of (2) is natural, this gives the following commutative diagram
This implies the statement of Proposition 5.
We now compute an explicit example. Consider the Hopf fibration H over S 4 :
This is a principal SU (2)-bundle. Our goal is to compute the homotopy type of hAut b (Σ ∞ S 4 (H + )), the space of based homotopy automorphisms of the fiberwise suspension spectrum. This is defined to be the subgroup of hAut(Σ ∞ S 4 (H + )) consisting of those homotopy automorphisms that are homotopic to the identity on the fiber spectrum at the basepoint E x0 . Notice that there is a fibration sequence
where ev : hAut(E) → GL 1 (E) evaluates a homotopy automorphisms on the fiber over the basepoint. From this fibration and Theorem 3, it is easy to conclude that there is an equivalence,
where M ap b E denotes the space of based maps that classify the E-line bundle E. To state the result explicitly, we adopt the following customary notation. For a based space X let QX = lim n→∞ Ω n Σ n X.
Theorem 18. The group of units of the string topology spectrum of the Hopf fibration H has the following homotopy type (as group-like A ∞ -spaces):
In particular π 0 (GL 1 (S(H))) ∼ = Z/2.
Proof. By observation (8)
This based mapping space is a path component of
Since all path components of a based loop space are homotopy equivalent, this says that
as group-like A ∞ -spaces. Now GL 1 (Σ ∞ (S 
. We therefore have
We remark that this theorem says that hAut(Σ
Now the gauge group of the principal bundle G(H) has the homotopy type of ΩM ap
This space is equivalent to Ω 4 S 3 . Proposition 5 then implies that the map σ :
is given by the stabilization map
3 Connections on an E-line bundle
The goal of this section is to describe what is meant by a "connection" on an E-line bundle, study the category of such connections, and to prove Theorem 6.
Recall that for a principal bundle G → P → M , if A(P ) denotes the space of connections on P , then A(P ) has a natural action of the gauge group G(P ). The following was observed by Atiyah and Bott [4] .
Proposition 19.
The homotopy orbit space, EG(P ) × G(P ) A(P ) which we denote by A(P )//G(P ), is a model for the classifying space,
Theorem 6 is an analogous result, in the context of connections on an E-line bundle. The appropriate way to think of a connection α on an E -line bundle E → E → M is as an E-linear transport operator. Namely, for every path γ between points x and y in M , the connection α will define an E-module equivalence of the fiber spectra
Furthermore these equivalences respect "gluing of paths".
To say this more precisely, we use functorial language. Given a connected space X, let P ath(X) denote the path category of X. This is a topological category, whose objects are the points in X, with the topology inherited from X, and the morphisms from x → y are the "Moore paths", namely pairs, (r, γ), where r > 0 and γ : [0, r] → M is a path with γ(0) = x and γ(r) = y. These path spaces inherit the natural topologies and they have the properties that if M or P ath(X) is the full space of morphisms, then the source and target maps, s, t : M or P ath(X) → X are Serre fibrations with contractible fibers. The following is a standard result.
Proposition 20. The geometric realization of the path category has the weak homotopy type of X,
|P ath(X)| ≃ X. Now we consider another category. Let E be a ring spectrum, and let E − line be the category of "E-lines", as in [2] . The objects of E − line are free, rank-one cofibrant and fibrant E-modules, and the morphisms are equivalences of E-modules. Actually in [2] E − line was defined to be an "∞-category". In any case as observed in [2] , one has the following:
Proposition 21. The geometric realization of the category E − line is a model for the classifying space of the group of units,
Intuitively, a continuous functor φ : P ath(M ) → E − line determines an E-line bundle over M which we call E φ , together with an E-linear transport operator ("connection"). Namely, the fiber spectrum E φ x at a point x ∈ M is φ(x), and if γ : x → y is a path in M between points x and y, then on the level of morphisms, φ(γ) :
For the purposes of making this precise we actually will use a somewhat more general notion of a connection on an E-line bundle. A functor φ as above has the property that if γ : x → y is a path from x to y in M , and α : y → z is a path from y to z, then φ(α)
equals φ(γ * α), where γ * α : x → z is the glued path. What we will require instead is that this strict equality is replaced by a coherent homotopy between these E-linear transport operators. We accomplish this by the use of ∞-categories and functors between them. For this we follow and use the constructions and results of [2] . There, and here, the notion of an ∞-category is that of a "quasi-category" in the sense of Joyal [15] .
Recall that an ∞-category in this sense is a simplicial set with additional structure that satisfy a variety of properties. The objects are the zero-simplices and the morphisms are the one-simplices. Given a space X, the singular set Sing(X) is an ∞-category (indeed an ∞-groupoid) which is equivalent to the topological category P ath(X). Notice that the objects of Sing(X) are points in X, and the morphisms are paths. As mentioned above, E − line was defined in [2] to be an ∞-category.
As described in [2] , an ∞-functor φ : Sing(X) → E − line defines an E-line bundle E φ on X. Notice that on the level of morphisms (one-simplices), φ defines E-linear transport operators along the paths. On the level of 2-simplices φ defines homotopies between the operator applied to a glued path and the composition of the operators. On the level of higher simplices one sees higher homotopies. We therefore make the following definition.
Definition 5.
Given an E-line bundle E → E → M , define the ∞-category of connections on E, Conn(E), to be the ∞-functor category, consisting of functors φ : Sing(M ) → E − line so that
Notice that in the setting of a principal bundle P one can define the category of connections in an analogous way. Namely, let G − line be the category of free, transitive G-spaces, and equivariant homeomorphisms between them. We may then think of a connection as G-equivariant transport operator which is given by a continuous functor, φ : P(M ) → G − line with the property that 
In the category Conn(E) of connections on an E-line bundle E → E → M , hAut(E) acts as natural transformations between connections, and therefore can be viewed as morphisms in an analogous way. From this perspective Theorem 6 is the analogue of Propositions 19 and 22. We now prove Theorem 6.
Proof. The ∞-category Conn(E) is the category of ∞-functors, F un E (Sing(M ), E − line). Both Sing(M ) and E − line are ∞-groupoids. This implies that these ∞-categories can be regarded as spaces. More precisely, the geometric realization map
is a weak homotopy equivalence. By Proposition 21 this space is equivalent to M ap E (M, BGL 1 (E)). But by Theorem 3 this is homotopy equivalent to BhAut(E). This proves the theorem.
Loop groups and string topology
The goal of this section is to study the stabilization map σ : G(P ) → hAut(Σ ∞ M (P )) in the case when P is universal. Recall from Theorem 17 that G(P ) ≃ ΩHE(M ). Now if K is a Lie group acting on a manifold M , this defines a homomorphism K → HE(M ). Then the composition
is a natural representation of the loop group on the string topology spectrum, as stated in Proposition 7 in the introduction. This is a highly nontrivial representation. Below we will compute a particular example of this representation on the level of homology. But first, we consider this representation in the following way. Notice the map ρ : ΩK → GL 1 (LM −T M ) defines a map of ring spectra, which by abuse of notation we also call ρ,
This map of spectra we can define explicitly in the following way. Consider the map
where γ x (t) = γ(t) · x. Pulling back the virtual bundle −T M and taking Thom spectra gives an 
The unit map u : S 0 → M −T M is homotopic to the desuspension of this map. We then have the
If M has an orientation, then applying the Thom isomorphism defines a map
This map taken with rational coefficients was studied by Felix and Thomas in [11] .
We now discuss an explicit example. Consider the standard action of SU (2) on S 4 defined by rotation around the equator. By Proposition 7 this defines a representation of the loop group,
and by the above discussion, an induced map of ring spectra,
We recall the stable homotopy type of each of these ring spectra. The ring spectrum
is the free associative ring spectrum generated by S 2 . This is the statement of the classical JamesMilnor splitting. In particular,
where σ ∈ H 2 (ΩS 3 ) ∼ = Z is the generator. On the other hand, since the tangent bundle of S 4 is stably trivial, the splitting result of Carlsson and Cohen [5] [6] implies the following. In homology, the ring structure of H * (LS is determined by the property thatρ (σ) = av.
String topology as the linearization of the gauge group
The goal of this section is to prove Theorem 8 as stated in the introduction.
Proof. Let G → P → M be a principal bundle. Consider the gauge group functor G : Spaces M → Spectra and the string topology functor S : Spaces M → Spectra as defined in the introduction prior to the statement of the theorem. We first prove that S is a linear functor.
In By the fiberwise Brown representability theorem there is a parameterized spectrum E → M such that L(g : Y → M ) = Γ Y (g * (E)). Here we are assuming that E is a fibrant parameterized spectrum.
So for every object g : Y → M in Spaces M , τ induces a map of spectra,
Let Ω ∞ M E → M be the fibration where the total space is the zero-space of the fibrant parameterized spectrum. Then on the level of spaces, τ induces a map of infinite loop spaces,
Restricting to Γ Y (g * (P Ad )) ⊂ Ω ∞ Σ ∞ (Γ Y (g * (P Ad )) + ), we have an induced map of spaces,
Now consider the object p : P Ad → M in Spaces M . We then get a map
Written in different notation, this is a map
where M ap M means morphisms in the category Spaces M .
Now consider the image under this map of the identity map,τ P Ad (id) :
Since this is a morphism in Spaces M this defines a map (well defined up to homotopy) of fibrations
